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According to conventional theory, bulk anomalous gapless states are prohibited in lattices. How-
ever, Floquet and non-Hermitian systems may dynamically realize such quantum anomalies in the
bulk. Here, we present an extension of the Nielsen-Ninomiya theorem that is valid even in the
presence of the bulk quantum anomaly. Particularly, the extended theorem establishes the exact
correspondence between bulk topological numbers and bulk anomalous gapless modes in Floquet and
non-Hermitian systems. Applying our theorem, we predict a new type of chiral magnetic effect—
non-Hermitian chiral magnetic skin effect. Our work is based on the duality between Floquet and
non-Hermitian systems and provides a unified understanding of the dynamical anomalies.
For topological phenomena associated with gapless
states [1–8], there is a fundamental constraint in the
form of the Nielsen-Ninomiya (NN) no-go theorem [9–11]:
Weyl fermions in a bulk lattice system are always present
in pairs with opposite chiralities. In particular, the no-
go theorem prohibits the occurrence of the chiral mag-
netic effect (CME) [12] in equilibrium [3, 5]. However,
in non-equilibrium Floquet [13–25] and non-Hermitian
[26–70] topological phases, recent studies have revealed
that unpaired bulk Weyl fermions can be realized dynam-
ically, in contrast to the conventional NN theorem. For
instance, one-dimensional (1D) periodically driven Flo-
quet systems may exhibit Thouless pumping [71], where
low-energy modes are pumped unidirectionally, mimick-
ing bulk chiral modes [72–76]. Furthermore, Floquet sys-
tems may host an unpaired bulk three-dimensional (3D)
Weyl fermion, with the CME [23, 24]. These systems
elude the NN theorem owing to the periodicity of the
Floquet quasi-energy. In non-Hermitian systems, on the
other hand, the complex-valued nature of the spectrum
leads to the presence of the unpaired Weyl fermion: while
bulk Weyl fermions appear in pairs in the complex spec-
trum, only a single Weyl mode survives in the long-time
dynamics because of differences in the imaginary part of
the energies [51].
In this Letter, we provide a unified understanding of
the dynamical anomaly in Floquet and non-Hermitian
systems. Despite the essential difference in their for-
malism, we prove that there exists a duality between
the Floquet and non-Hermitian dynamical anomalies, as
summarized in Table I. We identify the Floquet unitary
operator UF as a non-Hermitian Hamiltonian H by us-
ing the relation H = iUF , which generates a map be-
tween the gapless modes in the Floquet system and the
gapless modes in the non-Hermitian system. Interest-
ingly, the duality relation derives an extended version of
the NN theorem, which is valid even in the presence of
the dynamical quantum anomaly. In non-Hermitian sys-
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tems, our extended theorem states that a growing gapless
mode has a topological charge opposite to that of a de-
caying mode, due to which the system leaves quantum
anomaly in long-time dynamics. In Floquet systems, on
the other hand, our theorem states that the realization
of the quantum anomaly depends on parity of the spa-
tial dimension. Although a pi-energy gapless mode has
a topological charge opposite to that of a zero-energy
mode in even dimensions, they have the same charge in
odd dimensions, therefore the manifestation of the quan-
tum anomaly is explicit in the latter case. In contrast
to the original NN theorem, the extended NN theorem is
not a no-go theorem, but formulates the exact correspon-
dence between bulk topological numbers and anomalous
gapless modes in Floquet and non-Hermitian systems.
As an application of our theorem, we study a non-
Hermitian version of the CME, which is a counterpart
of the Floquet CME [23, 24]. We demonstrate that un-
der a static magnetic field, the wave packets in a non-
Hermitian Weyl semimetal move in the direction of the
applied magnetic field, thus manifesting the CME. Fur-
thermore, we demonstrate that a topological number as-
sociated with the bulk Weyl fermions reduces to another
topological number causing the non-Hermitian skin ef-
fect. This phenomenon leads to the prediction of a new
type of CME—the non-Hermitian chiral magnetic skin
effect.
Duality in Floquet and non-Hermitian systems. —
The stroboscopic dynamics of a Floquet system is de-
scribed by the one-cycle time evolution |t+τ〉 = UF(k)|t〉
with a unitary operator UF(k) and a driving period
τ . It can be represented by the time evolution of
the time-independent effective Hamiltonian HF(k) :=
(i/τ) lnUF(k), called as the Floquet Hamiltonian. The
eigenvalue of HF(k) is called the Floquet quasi-energy
F(k), which is periodic with the period 2pi/τ . On the
other hand, a non-Hermitian system is described by an ef-
fective non-Hermitian Hamiltonian. We consider, in par-
ticular, a Hamiltonian H(k) that has an energy gap at a
reference point EP in the complex energy plane, namely
H(k) with det[H(k)−EP] 6= 0 [38]. Such a Hamiltonian
is called as a point-gapped Hamiltonian [39]. The refer-
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2TABLE I. Duality between non-Hermitian and Floquet systems.
Point-gapped non-Hermitian system H Floquet system UF
AZ† Symmetry AZ
ReE = 0 with ImE 6= 0 Fermi energy F = 0, pi/τ
ReEn(Snα) = 0 with ImE(Snα) 6= 0 Fermi surface n(snα) = 0, n(snα) = pi/τ
νRnα = 1 with ImEn(Snα) > 0 (growing mode) Gapless mode ν
0
nα = 1 with n(snα) = 0
νRnα = 1 with ImE(Snα) < 0 (decaying mode) Partner gapless mode
νpinα = −1 with n(snα) = pi/τ for odd dim.
νpinα = 1 with n(snα) = pi/τ for even dim.
nP =
∑
ImEn(Snα)>0
νRnα = −
∑
ImEn(Snα)<0
νRnα Extended NN theorem
nF =
∑
n(snα)=0
ν0nα = −
∑
n(snα)=pi/τ
νpij for odd dim.
nF =
∑
n(snα)=0
ν0nα =
∑
n(snα)=pi/τ
νpij for even dim.
ence point EP should be compatible with the symmetry
of the system [77]. We consider EP = 0 below unless
otherwise mentioned.
When a non-Hermitian Hamiltonian H(k) has a point
gap, H(k) is smoothly deformed into a unitary matrix
without closing the point gap [38–40]. This means that
the topological properties of H(k) are identical to those
of a unitary matrix, and this enables us to identify H(k)
with a Floquet operator UF(k). To be more specific, we
introduce the identification H(k) = iUF(k), where the
equality holds up to smooth deformation of H(k) without
point gap closing.
The above identification naturally induces duality in
symmetry. For the Floquet Hamiltonian HF(k), time-
reversal, particle-hole, and chiral symmetries are defined
as THF(k)T
−1 = HF(−k), CHF(k)C−1 = −HF(−k),
and ΓHF(k)Γ
−1 = −HF(k), respectively, where T and
C are antiunitary operators with T 2 = ±1, C2 =
±1, and Γ is a unitary operator with Γ2 = 1. In
terms of the Floquet operator, these Altland-Zirnbauer
(AZ) symmetries are given by TU†F(k)T
−1 = UF(−k),
CUF(k)C
−1 = UF(−k), and ΓU†F(k)Γ−1 = UF(k). Cor-
respondingly, from H(k) = iUF(k), we obtain AZ
† sym-
metries, TH†(k)T−1 = H(−k), CH(k)C−1 = −H(−k),
and ΓH†(k)Γ−1 = −H(k), which are a class of funda-
mental symmetries intrinsic to non-Hermitian systems
[39].
In a similar manner, we also have a correspondence in
the Fermi energy. Let us introduce the Fermi energy to
separate a band into two parts, i.e., occupied and empty
[78]. As the Floquet quasi-energy F(k) has 2pi/τ period-
icity, at least two Fermi energies are necessary to define
occupied and empty parts in a Floquet band. We choose
F = 0 and pi/τ as the Fermi energies because they are
consistent with any AZ symmetry. On the other hand,
a non-Hermitian H(k) takes complex eigenvalues E, and
thus we need a reference line to split a band into two parts
in the complex energy plane [31, 37, 39]. We choose the
reference line as ReE = 0 because it is consistent with
any AZ† symmetry. The relation H(k) = iUF(k) maps
the Fermi energy F = 0 (F = pi/τ) in the Floquet quasi-
energy to the Fermi energy line ReE = 0 with ImE > 0
(ImE < 0) in the complex energy spectrum.
Now let us examine the dynamical anomaly. In Floquet
systems, the simplest example of the dynamical anomaly
is given by
UF(k) = e
−ik, HF(k) = k/τ mod 2pi/τ, (1)
where the Floquet energy is F(k) = k/τ . At the
Fermi energies F = 0, pi/τ , this model only has right-
moving (∂F(k)/∂k > 0) gapless modes, and thus real-
izes quantum anomaly in the bulk. The corresponding
non-Hermitian Hamiltonian H(k) is [51]
H(k) = ie−ik = sin k + i cos k, (2)
of which the eigenvalue E(k) is H(k) itself. At the
Fermi energy ReE(k) = 0, this model has a right-moving
(Re[∂E(k)/∂k] > 0) gapless mode with ImE(k) > 0, and
a left-moving (Re[∂E(k)/∂k] < 0) gapless mode with
ImE(k) < 0. Therefore, as time goes on, the right-
moving mode is enhanced while the left-moving mode
is suppressed. As a result, this non-Hermitian system
also exhibits quantum anomaly. It should be noted that
the right-moving mode at F = pi/τ in the Floquet sys-
tem of Eq. (1) corresponds to the left-moving mode with
ImE < 0 in the non-Hermitian system of Eq. (2), as il-
lustrated in Fig. 1. As we explain in the following, such
sign inversion of the topological charge is universal in odd
spatial dimensions.
Extended NN theorem for non-Hermitian systems. —
For point-gapped non-Hermitian Hamiltonians, the fol-
lowing theorem holds.
Theorem 1. Let H(k) be a d-dimensional point-
gapped non-Hermitian Hamiltonian (det(H(k) − EP) 6=
0) with AZ† symmetry, and En(k) be the complex energy
spectrum of band n measured from EP. Then, gapless
modes in the real part of the spectrum obeys the follow-
ing constraint,
nP =
∑
ImEn(Snα)>0
νRnα = −
∑
ImEn(Snα)<0
νRnα, (3)
where nP is the bulk topological number of the point-
gapped Hamiltonian H(k), and νRnα is the topological
3FIG. 1. Correspondence in non-Hermitian dynamical
anomaly Eq. (2) and Floquet dynamical anomaly Eq. (1).
A non-Hermitian left-going mode corresponds to a Floquet
right-going mode.
charge of the gapless modes measured on the αth Fermi
surface Snα defined by Snα = {k ∈ Rd|ReEn(k) = 0}.
The summation is taken for all n and α.
Remarks are in order. First, we assign different α to
each of connected parts of the Fermi surface. With this
assignment, ImEn(Snα) is either positive or negative be-
cause the system has a point gap. Second, the orienta-
tion of Snα is chosen to be the direction of the Fermi
velocity Re[∂En(k)/∂k]k∈Snα . Third, when a gapless
point k0 satisfies ReEn(k0) = 0 and the Fermi surface
Snα collapses, we slightly modify Snα as Snα = {k ∈
Rd|ReEn(k) = δ} with 0 < δ  1.
Note that the second equality in Eq. (3) is simply a
non-Hermitian version of the NN theorem. The present
theorem, however, is not a no-go theorem. Owing to the
imaginary part of the energy spectrum, the system may
exhibit the quantum anomaly in the long-time dynam-
ics. We provide the proof of Theorem 1 in Supplemental
Material [79].
For a 1D class A system, nP is the 1D winding number
[37],
w1 = −
∫ 2pi
0
dk
2pii
tr
[
(H(k)− EP)−1∂k(H(k)− EP)
]
(4)
and νRnα is the sign of the group velocity
νnα = sign
(
Re [∂En(k)/∂k]k=knα
)
, (5)
where knα is the αth Fermi point of band n defined by
ReEn(knα) = 0. We can easily check that the 1D class
A system in Eq. (2) obeys Theorem 1. For a 3D class A
system, nP is the 3D winding number,
w3 = − 1
24pi2
∫
BZ
tr
[[
(H − EP)−1d(H − EP)
]3]
, (6)
and νRnα is the non-Hermitian Chern number on the Fermi
surface Snα,
Ch(Snα) =
1
2pii
∫
Snα
(∇×A(k)) · dS, (7)
where A(k) = 〈〈ψn(k)|∇ψn(k)〉 is the gauge con-
nection for the right (left) eigenstate H(k)|ψn(k)〉 =
En(k)|ψn(k)〉 (H†(k)|ψn(k)〉〉 = E∗n(k)|ψn(k)〉〉). We
also check Theorem 1 for a 3D class A model
H(k) = (d0 + d(k) · σ) τ1 + (m(k) + iγ)τ3 − iγ0τ0, (8)
with di(k) = sin ki, m(k) = m0 +
∑3
i=1 cos ki, which
hosts Weyl points in the complex energy spectrum as
shown in Fig. 2(a) [80].
Extended NN theorem for Floquet systems. — Using
duality between Floquet and non-Hermitian systems, we
obtain the Floquet version of the extended NN theorem.
Theorem 2. Let HF(k) be a d-dimensional Floquet
Hamiltonian with AZ symmetry, and n(k) be the quasi-
energy spectrum of band n. Then, gapless modes in the
spectrum obey the following constraint,
nF =
∑
n(snα)=0
ν0nα =
∑
n(snα)=pi/τ
νpinα, (for odd d), (9)
nF =
∑
n(snα)=0
ν0nα = −
∑
n(snα)=pi/τ
νpinα, (for even d),
(10)
where nF is the topological number of the Floquet opera-
tor UF(k), ν
0
nα (ν
pi
nα) is the topological charge of gapless
modes measured on the αth Fermi surface snα defined
by n(snα) = 0 (n(snα) = pi/τ). Here the orientation
of snα is chosen to be the direction of the Fermi velocity
∂n(k)/∂k|k∈snα , and if the Fermi surface nα collapses,
it should be defined as (snα) = δ or (snα) = pi/τ + δ
with 0 < δ  1.
We can easily check Theorem 2 for the model in
Eq. (1). For a 1D class A system, nF is the 1D wind-
ing number, wF1 = −
∫ 2pi
0
dk
2pii tr[UF(k)
−1∂kUF(k)], and
ν0nα (ν
pi
nα) is the sign of the group velocity ν
F
nα =
sign [∂n/∂k]k=kα at the Fermi point kα defined by
n(kα) = 0 (n(kα) = pi/τ). The model in Eq. (1) has
nF = 1 and ν0 = νpi = 1, which confirms Eq. (9). We
also confirm Eq. (10) in Theorem 2 for a two-dimensional
(2D) class AIII model [81].
Now we prove Theorem 2. Theorem 2 is equivalent to
Theorem 1: first, from the duality relation H = iUF,
AZ symmetry in UF is mapped to AZ
† symmetry of
H. We also note that the topological number nF of
UF is simply the topological number n
P of H, and the
Fermi surface snα with n(snα) = 0 (n(snα) = pi/τ) is
mapped to the Fermi surface Snα with ImEn(Snα) > 0
(ImEn(Snα) > 0). Therefore, we only need to exam-
ine the relation between ν
0/pi
nα and νRnα. For this pur-
pose, let us consider a gapless mode in the Floquet
Hamiltonian HF(k), which is described by a Dirac/Weyl
4Hamiltonian HF(k) ≈ a(k)1+
∑d
i,j=1 aij(ki−k0i )Γj with
real a and aij and the gamma matrix Γi. To deter-
mine the relation between the topological charges, it is
enough to consider the cases with a(k0) ≈ 0, pi/τ . The
map H(k) = iUF(k) induces a non-Hermitian gapless
mode, H(k) ≈ b(k) +∑di,j=1 aijτ(k˜i− k˜0i )Γj with b(k) =
sin(a(k)τ) + i cos(a(k)τ) and k˜i − k˜0i = cos(a(k)τ)(ki −
k0i ). When d is odd and cos(a(k
0)τ) < 0, the mapped
gapless mode has an opposite topological charge to the
original because k˜i and ki have an opposite orientation in
this case. In the other cases, they have the same topolog-
ical charge. We also note that when cos(a(k0)τ) < 0, the
original Floquet gapless mode contributes to νpinα because
a(k0) is smoothly changed into pi/τ , and the mapped
gapless mode contributes to νRnα with ImEn(Snα) < 0
because it has a negative imaginary part of the energy.
Therefore, when d is odd, νpinα is mapped into −νRnα with
ImEn(Snα) < 0, and in the other cases, ν
0
nα (ν
pi
nα) is
equal to νRnα with ImEn(Snα) > 0 (ImEn(Snα) < 0). As
a result, we obtain Theorem 2 from Theorem 1.
Chiral magnetic effect. — Anomalous Weyl fermions
have been shown to be realized in a bulk Floquet system,
manifesting the CME [23, 24]. As a counterpart of this
effect, we obtain the non-Hermitian CME.
We examine the non-Hermitian CME in the model of
Eq. (8). This model has constant imaginary terms that
represent gain and loss or the lifetimes of quasiparticles.
Fig. 2(b) shows the energy spectrum of the model in
Eq. (8) under a magnetic field Bz in the z direction. In
the presence of the magnetic field, the Landau gap opens
at the Weyl point at k = (0, 0, 0) in Fig. 2(a), and a
chiral mode with a positive imaginary part of the energy
appears in the gap. The growing chiral mode produces a
current in the direction of the magnetic field, leading to
the CME. We confirm the CME by examining the wave
packet dynamics. Figures 2(c–f) and 2(g and h) show
the wave packet dynamics without and with a magnetic
field, respectively. We observe a unidirected wave packet
motion consistent with the CME.
Finally, using Theorem 1, we predict an effect intrinsic
to the non-Hermitian CME. Let us consider a 3D class A
system with nonzero w3. Theorem 1 implies that the sys-
tem hosts growing Weyl fermions with the total charge
w3. When one applies a magnetic field Bz to the system,
the bulk band splits into a set of subbands with Landau
gaps and each right-handed (left-handed) Weyl fermion
leaves a right-moving (left-moving) chiral mode in the
z direction with the Landau degeneracy (Bz/2pi)LxLy,
where Li=x,y is the length of the system in the i direc-
tion. Therefore, under a magnetic field, there are chiral
modes with the total charge w3(Bz/2pi)LxLy. Applying
Theorem 1 again, the total charge of the chiral modes
should be the same as the 1D winding number w1 in
Eq. (4), where H(k) is the Hamiltonian under the mag-
netic field, k is replaced by kz and the trace includes the
summation of kx and ky in the magnetic Brillouin zone.
FIG. 2. (a and b) Energy spectrum of the non-Hermitian Weyl
semimetal in Eq. (8) (a) without and (b) with a magnetic field
Bz in the z direction. In (a), different bands are distinguished
by colors, and Weyl points are emphasized by dotted circles.
In (b), the red arrow indicates a right-going mode originating
from the Weyl point at k = (0, 0, 0). (c–h) Dynamics of wave
packets in the non-Hermitian Weyl semimetal of Eq. (8) (c–
f) without and (g and h) with a magnetic field Bz in the z
direction under the periodic boundary condition. We draw
snapshots at each second of the probability densities |ψ(z)|2,
where the red arrows indicate the time evolution. The fourth-
order Runge-Kutta method is used. Initial wave packets are
|ψ0〉 = ψ0 |σz〉σ |τz〉τ , where ψ0 is a 3D Gaussian wave packet
with the width 2σ¯2 = 5 and |σz〉σ |τz〉τ is specified in each
figure. Under a magnetic field Bz, all the wave packets tend
to move in the +zˆ direction. The parameters in Eq. (8) are
chosen as d0 = γ = γ0 = 1 and m0 = 2. The magnetic field
in (b, g, and h) is Bz/2pi = 1/10. The system size is (b)
Lx = Ly = Lz = 30 and (c–h) Lx = Ly = Lz = 40.
In summary, we obtain
w1 =
Bz
2pi
LxLyw3. (11)
This relation gives a profound implication. Recently, it
has been shown that a nonzero w1 induces the skin ef-
5fect [82, 83], where bulk modes in the periodic boundary
condition become boundary modes in the open boundary
condition. Therefore, Eq. (11) predicts that the system
with a nonzero w3 inevitably shows the skin effect un-
der a magnetic field. This prediction is consistent with
the CME because bulk modes stack to a boundary in
the direction parallel to the magnetic field as a result of
unidirected currents of the CME.
Summary. — Topological duality exists in Floquet and
non-Hermitian systems. Based on the duality, we derive
theorems that formulate the dynamical anomaly in Flo-
quet and non-Hermitian systems and predict a new type
of CME intrinsic to non-Hermitian systems.
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7Supplemental Material
S1. PROOF OF THEOREM 1
We prove here the following theorem.
Theorem 1. Let H(k) be a d-dimensional point-gapped Hamiltonian (det(H − EP) 6= 0) with AZ† symmetry, and
let En(k) be the complex energy spectrum of band n measured from EP. Then, gapless modes in the real part of the
spectrum obeys the following constraint,
nP =
∑
ImEn(Snα)>0
νRnα = −
∑
ImEn(Snα)<0
νRnα, (S1)
where nP is the bulk topological number of the point-gapped Hamiltonian H(k), and νRnα is the topological charge of
the gapless modes measured on the αth Fermi surface Snα defined by Snα = {k ∈ Rd|ReEn(k) = 0}.
Here we provide a proof of Eq. (S1) on the basis of the K-theory. We also present another proof in Sec. S2, which
is more direct and applicable when nP is given by the winding number.
In the K-theory classification, any topological phase can be generated by a set of primitive models. This means
that Eq. (S1) can be proved by proving it for the primitive models. As any point-gapped non-Hermitian Hamiltonian
with AZ† symmetry is topologically characterized by a single topological number nP, we consider a single primitive
model with nP = 1. Such a primitive model with EP = 0 is given by [51],
H(k) = h(k) + iγ(k), (S2)
with
h(k) =
d∑
j=1
sin kjΓj , γ(k) = m+
d∑
j=1
cos kj , (S3)
where Γi is the gamma matrix and m satisfies −d < m < −d+ 2. Note that γ(k) in Eq. (S3) is consistent with any
AZ† symmetry. The energy spectrum of this model is
E±(k) = ±
√√√√ d∑
j=1
sin2 kj + i(m+
d∑
j=1
cos kj). (S4)
When −d < m < −d + 2, only a single gapless point at k = 0 satisfies ReE± = 0 and ImE± > 0. Around the
gapless point, h(k) reduces to a Dirac/Weyl Hamiltonian h(k) ≈ ∑dj=1 kjΓj , and thus the topological charge of the
gapless mode is νR = 1. We also have 2d − 1 other gapless modes with ReE± = 0 and ImE± < 0, of which the total
topological charge is νR = −1. Thus, the second equality of Eq. (S1) holds. To show the first equality of Eq. (S1),
we now evaluate nP. The topological number nP is given as the topological number of the doubled Hamiltonian,
H˜(k) =
(
H(k)
H†(k)
)
= τx ⊗ h(k)− τy ⊗ γ(k). (S5)
For m < −d, γ is always negative in the whole region of k, leading to nP = 0. Then, when one increases m, there arises
a gap closing at m = −d, which is accompanied with a topological phase transition. As a result, in the parameter
region of −d < m < −d+ 2, we have nP = 1. Therefore, the first equality of Eq. (S1) holds.
S2. ANOTHER PROOF OF THEOREM 1
We present another proof of Theorem 1 in this section. For concreteness, we consider a class A non-Hermitian
Hamiltonian H(k) in d = 2p + 1 dimensions (p = 0, 1, . . . ) with EP = 0. In this case, n
P is given by the winding
number w2p+1
nP = w2p+1 =
(
i
2pi
)p+1
p!
(2p+ 1)!
∫
BZ
tr[H−1dH]2p+1. (S6)
8To evaluate nP, we use the technique developed in Refs. [84–86]. First, we deform the Hamiltonian H(k) into a
unitary matrix, which is possible with keeping a point gap at EP = 0 [38, 39]. As H(k) remains invertible during this
deformation, this procedure does not change nP. After this, H(k) is diagonalizable and can be written as
H(k) =
∑
n
En(k)|un(k〉〈un(k)|, |En(k)| = 1, (S7)
where |un(k)〉 is an eigenstate of H(k) with an eigenvalue En(k). We furthermore deform H(k) as follows,
H(k) =
∑
n
eiθn(k)|un(k〉〈un(k)|, (S8)
with
eiθn(k) =
ReEn(k) + λiImEn(k)
|ReEn(k) + λiImEn(k)| (S9)
where 0 < λ ≤ 1 is a deformation parameter. When λ = 1, H(k) returns to Eq. (S7). As |En(k)| 6= 0, this
Hamiltonian is also invertible as long as λ 6= 0, and thus has the same value of nP. Now take the limit λ→ 0, where
λ is infinitesimally small but nonzero. We find that the eigenvalue eiθn(k) is evaluated as
θn(k) =
∑
α
pisgn[ImEn(Snα)]Θ(−ReEn(k)), (S10)
where Θ(x) is the Heaviside step function, and Snα is the Fermi surface defined by {k ∈ Snα|ReEnα(k) = 0}. The
Fermi surface generally consists of a set of connected components, and α labels the connected components of the Fermi
surface. As |En(k)| = 1, ImEn(k) takes the same sign on each connected component Snα, and thus sgn[ImEnα(Snα)]
is well-defined.
Substituting Eq. (S9) with θn(k) in Eq. (S10) into Eq. (S6), we obtain Theorem 1. For instance, let us consider
the p = 0 case, where nP is given by the 1D winding number
w1 = − 1
2pii
∫ pi
−pi
dktr[H−1(k)∂kH(k)]
= − 1
2pii
∫ pi
−pi
dk∂k ln detH(k). (S11)
Substituting Eq. (S9) into this, we obtain
w1 = − 1
2pi
∫ pi
−pi
dk
∑
n
∂kθn(k)
=
1
2
∑
nα
∫ pi
−pi
dk sgn[ImEn(knα)]δ(k − knα)sgn[∂k[ReEn(knα)]]
=
1
2
∑
nα
sgn[ImEn(knα)]sgn[∂k[ReEn(knα)]], (S12)
where knα is the Fermi point defined by ReEn(knα) = 0. Now we use the original Nielsen-Ninomiya (NN) theorem.
As the real part of H(k)
ReH(k) =
∑
n
ReEn(k)|un(k)〉〈un(k)| (S13)
is Hermitian, it obeys the original NN theorem. For p = 0 (d = 1), the NN theorem yields that∑
nα
sgn[∂k[ReEn(knα)]] = 0, (S14)
which is equivalent to ∑
ImEn(knα)>0
sgn[∂k[ReEn(knα)]] = −
∑
ImEn(knα)<0
sgn[∂k[ReEn(knα)]]. (S15)
9Therefore, from Eq. (S12), we obtain Theorem 1,
w1 =
∑
ImEn(knα)>0
sgn[∂k[ReEn(knα)]] = −
∑
ImEn(knα)<0
sgn[∂k[ReEn(knα)]]. (S16)
In a similar manner, we can also derive Theorem 1 for p = 1. In this case, nP is given by the 3D winding number,
which is evaluated as [85]
w3 =
1
2
∑
nα
sgn[ImEn(Snα)]Ch(Snα), (S17)
where Ch(Snα) is the Chern number on Snα defined by
Ch(Snα) =
1
2pii
∫
Snα
(∇×An) · dS. (S18)
Here An = 〈un(k)|∇un(k)〉 is the connection of the eigenstate |un〉 for ReH(k),
ReH(k)|un(k)〉 = ReEn(k)|un(k)〉, (S19)
and the orientation of Snα is chosen as the direction of the Fermi velocity ∂k[ReEn(k)]k∈Snα . To obtain Theorem 1
from Eq. (S17), we again use the original NN theorem for ReH(k). As we shall argue in Sec. S3, the NN theorem
yields ∑
nα
Ch(Snα) = 0, (S20)
which is recast into ∑
ImEn(Snα)>0
Ch(Snα) = −
∑
ImEn(Snα)<0
Ch(Snα). (S21)
Using this relation, we finally obtain Theorem 1
w3 =
∑
ImEn(Snα)>0
Ch(Snα) = −
∑
ImEn(Snα)<0
Ch(Snα). (S22)
We note that the Chern number on Snα is well-defined unless H(k) becomes defective on Snα. Thus, Eq. (S22) holds
for any non-Hermitian H(k) if no exceptional point passes through Snα during the unitarization of H(k). The above
proof of Theorem 1 applies to other symmetry classes as long as nP is given by the winding number.
S3. NIELSEN-NINOMIYA THEOREM
The original Nielsen-Ninomiya (NN) theorem [9, 10] states that the total chirality of Weyl points in a Hermitian
Hamiltonian should be zero. Here we reformulate the theorem in a different manner, which is more convenient to
describe gapless modes in non-Hermitian and Floquet systems.
Let us consider a Hermitian Hamiltonian H(k) with eigenvalues En(k) in three dimensions. For this Hamiltonian,
the following relation holds, ∑
nα
Ch(Snα) = 0, (S23)
where Snα is the Fermi surface defined by {k ∈ Snα|En(k) = 0} and Ch(Snα) is the Chern number on Snα.
Proof: First, we order En(k) as E1(k) ≤ E2(k) ≤ E3(k) . . . as illustrated in Fig. S1. Then, we continuously deform
each energy En(k) so as to satisfy either En(k) > 0 or En(k) < 0 in the whole Brillouin zone. After the deformation,
Eq. (S23) obviously holds because there is no Fermi surface and there is no term on the left-hand side. Therefore, if
the left-hand side of Eq. (S23) is invariant during the above deformation, Eq. (S23) holds. We show this is indeed the
case by moving bands upward one by one.
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FIG. S1. Typical band dispersion in Hermitian systems. In this case, Eq. (S23) states Ch(S5,1) + Ch(S5,2) + Ch(S4,1) = 0.
Let us consider a metallic band which hosts at least one Fermi surface at the Fermi energy E = 0. When we move
the band upward, the following four processes may happen. (a) A Fermi surface shrinks and vanishes smoothly. (b) A
Fermi surface merges into another Fermi surface or splits into two Fermi surfaces. (c) A new Fermi surface is created
smoothly. (d) A Fermi surface shrinks to a Weyl point then moves to a lower band. During the first three processes,
the left-hand side of Eq. (S23) is obviously invariant because the Chern number cannot change during such smooth
deformations. Importantly, the last process also keeps the left-hand side of Eq. (S23) invariant because we have
Ch(Sn0α) = Ch(Sn0−1α′), (S24)
where Sn0α is the Fermi surface shrinking into the Weyl point and Sn0−1α′ is the Fermi surface created on the lower
band in this process. (This equation is directly shown by the Hamiltonian H(k) =
∑
ij aijkiσj describing the Weyl
point.) Therefore, the left-hand side of Eq. (S23) is invariant when we move all metallic bands upward above the
FIG. S2. Energy dispersion near a degenerate point (Weyl point). We omit the kz dependence for simplicity. The upper (lower)
gray plane indicates the Fermi energy E = 0 before (after) a band with the Weyl point moves upward. When the band moves
upward, the Fermi surface Sn0α shrinks to the Weyl point, then a new Fermi surface Sn0−1α′ is created in a lower band n0− 1.
Note that the orientation of Sn0−1α′ is opposite to that of Sn0α because of the difference in their Fermi velocities.
Fermi energy. Consequently, we have Eq. (S23).
S4. NON-HERMITIAN WEYL MODEL
In this section, we examine the model in Eq. (8) in detail,
H(k) = (d0 + d(k) · σ) τ1 + (m(k) + iγ) τ3 − iγ0τ0, (S25)
with
di(k) = sin ki, m(k) = m0 + cos k1 + cos k2 + cos k3, (S26)
where d0, m0, γ, and γ0 are real constants. The band energies of this model are obtained as
E1(k) =
√
(|d(k)|+ d0)2 + (m(k) + iγ)2 − iγ0,
E2(k) =
√
(|d(k)| − d0)2 + (m(k) + iγ)2 − iγ0,
E3(k) = −
√
(|d(k)| − d0)2 + (m(k) + iγ)2 − iγ0,
E4(k) = −
√
(|d(k)|+ d0)2 + (m(k) + iγ)2 − iγ0. (S27)
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We illustrate the energy spectrum for d0 = γ = γ0 = 1 and m0 = −2 in Fig. S3. The energy spectrum shows Weyl
points at k = (0, 0, 0), (pi, 0, 0), (0, pi, 0), (0, 0, pi), (pi, pi, 0), (pi, 0, pi), (0, pi, pi), (pi, pi, pi). In the following, we focus on the
model with d0 = γ = γ0 = 1 and m0 = −2.
FIG. S3. (a) Complex energy spectrum of the non-Hermitian Weyl semimetal in Eq. (8). Different bands in Eq. (S27) are
distinguished by different colors. Weyl points are emphasized by red circles. (b) Complex energy spectrum of Eq. (8) under
a magnetic field Bz. The red arrow indicates a right-going mode originating from the Weyl point at k = (0, 0, 0). We take
d0 = γ = γ0 = 1 and m0 = −2 in Eq. (8). The system size is Lx = Ly = Lz = 30 and the magnetic flux is Φ = 1/10 in (b).
First, we evaluate the topological charge of these Weyl points on the Fermi surface. As we explained in the main
article, the Fermi surface is defined by k satisfying ReE(k) = 0. When d0 = γ = γ0 = 1 and m0 = −2, only E2(k)
and E3(k) bands host the Fermi surfaces, which we denote by S2 and S3, respectively. The Fermi surface S2 (S3) has
an imaginary part of the energy higher (lower) than the reference point EP = −i.
The right eigenfunction of H(k) with the eigenenergy E2(k) is given by
|ψ2(k)〉 = 1√
2|d(k)|(|d(k)| − d3(k))
(
d3(k)− |d(k)|
d1(k) + id2(k)
)
σ
⊗
(
m(k) + iγ + E2(k)
d0 − |d(k)|
)
τ
. (S28)
We also have a similar expression for the corresponding left eigenfunction 〈〈ψ2(k)|, which is normalized as
〈〈ψ2(k)|ψ2(k)〉 = 1. The Chern number of the Fermi surface S2 is given by
Ch(S2) =
1
2pii
∫
S2
(∇×A(k)) · dS, (S29)
where A(k) = 〈〈ψ2(k)|∇ψ2(k)〉 and the area element dS points to the direction of the Fermi velocity ∇ReE2(k)|k∈S2 .
As S2 encloses a Weyl point at k = (0, 0, 0) in the upper right side of Fig. S3, we find that Ch(S2) = 1. In a similar
manner, we also obtain Ch(S3) = −1.
The bulk topological number nP of the present model is given by Eq. (6) with EP = −iγ0 in the main article. We
numerically check that w3 = 1 for d0 = γ = γ0 and m0 = −2. Therefore, Theorem 1 holds in this model.
S5. CHECK OF THEOREM 2 FOR A 2D CLASS AIII MODEL
In this section, we check Theorem 2 for a 2D class AIII model. From chiral symmetry ΓU†FΓ
−1 = UF, ΓUF is
Hermitian, and nF is the Chern number of ΓUF. The topological charge ν
0
nα (ν
pi
nα) for gapless modes is given by the
winding number around F = 0 (F = pi/τ),
ν1 =
∫
snα
dk
4pii
· tr [Γ(HF(k)− F)−1∇(HF(k)− F)] , (S30)
where snα is a small circle surrounding the gapless point, and the branch cut of HF(k) is chosen at pi/τ (0).
Let us consider the following model [24],
UF(k) = U
−
2 (k2/2)U
−
1 (k1)U
+
2 (k2/2)U
−
2 (k2/2)U
+
1 (k1)U
+
2 (k2/2), (S31)
where U±j (kj) denotes the spin selective pumping U
±
j (kj) = P
±
j e
∓ikj + P∓j with P
±
j = (σ0 ± σj) /2. For simplicity,
we set τ = 1 in the following. This model has chiral symmetry σ3U
†
Fσ3 = UF, and σ3UF is written as
12
FIG. S4. Floquet energy spectra of eimσ1/2UF(k)e
imσ1/2 with UF(k) in Eq. (S31): (a) m = 0; (b) m = 3/4.
σ3UF = d · σ, (S32)
where d1 = − cos2 (k1/2) sin k2, d2 = − sin k1 cos2 (k2/2), and d3 = cos k1 cos2 (k2/2) − sin2 (k2/2). As the d vector
wraps the unit sphere once when k covers the Brillouin zone, the Chern number of σ3UF is evaluated as 1.
Fig. S4 shows the quasi-energy spectrum of this model. Here we modify UF as e
im2 σ1UFe
im2 σ1 with m = 3/4, to
make gapless structures clear. This modification does not change nF because the modified σ3UF is unitary equivalent
to the original. The Dirac point at F = 0 is described by
HF(k) ≈ (k1 −m)σ1 + k2
(
cos2
m
2
)
σ2, (S33)
which gives ν1 = 1. The Dirac point at F = pi is described by
HF(k) ≈ pi + (k1 −m− pi)σ1 −
(
sin2
m
2
)
k2σ2, (S34)
which gives ν1 = −1. Thus, this model obeys Eq. (9).
S6. ADDITIONAL EXPLANATION OF EQUATION (11)
In this section, we explain the relation w1 =
Bz
2pi LxLyw3 from the main article. This relation can be understood
by a behavior of Weyl points under an applied magnetic field. A typical energy spectrum of Weyl points under a
magnetic field is given in Fig. S5.
FIG. S5. Weyl points (a) without and (b) with a magnetic field. (a) Weyl points with ±1 chiralities. (b) The Weyl point with
chirality 1 (−1) becomes a right (left) moving mode with (Bz/2pi)LxLy-fold degeneracy.
To understand this behavior, we first review the eigenvalue problem of the Weyl Hamiltonian in an applied magnetic
field. Let us start with the Weyl Hamiltonian with +1 chirality,
H = kxσx + kyσy + kzσz. (S35)
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When we apply a magnetic field Bz, i.e., the vector potential A = (0, Bzx, 0), the system is described by
Hˆ = −i∂xσx + (ky −Bzx)σy + kzσz =
(
kz −i∂x − i(ky −Bzx)
−i∂x + i(ky −Bzx) −kz
)
. (S36)
We consider the eigenvalue problem of this Hamiltonian:
Hˆ |ψ〉 = E |ψ〉 . (S37)
By introducing the annihilation and creation operators as
aˆ =
−i∂x + i(ky −Bzx)
2
√
piBz
, aˆ† =
−i∂x − i(ky −Bzx)
2
√
piBz
, [aˆ, aˆ†] = 1, (S38)
the Hamiltonian is written as
Hˆ =
(
kz 2
√
piBzaˆ
†
2
√
piBaˆ −kz
)
. (S39)
Thus, the eigenvalue equation for |ψ〉 = (|ψ1〉 , |ψ2〉)T becomes
kz |ψ1〉+ 2
√
piBzaˆ
† |ψ2〉 = E |ψ1〉 , 2
√
piBzaˆ |ψ1〉 − kz |ψ2〉 = E |ψ2〉 . (S40)
As shown in the following, this equation has a solution with the dispersion E = kz. The other solutions of Eq. (S40)
have the energy E = ±√k2z + 4piBzn (n = 1, 2, 3, . . .). These solutions explains the behavior of the Weyl point in
Fig. S5(b).
For the right-moving mode E = kz, we obtain
aˆ |ψ1〉 = 0, |ψ2〉 = 0, (S41)
which are solved as
ψ1(x) =
(
Bz
2pi2
)1/4
exp
[
−Bz
4pi
(
x− ky
Bz
)2]
, ψ2(x) = 0. (S42)
The wave function ψ1(x) has its center at xc = ky/Bz. In the periodic boundary condition in the x and y directions, xc
and ky satisfy 0 < xc ≤ Lx and ky = 2piny/Ly, of which compatibility leads to ny = 1, . . . , (Bz/2pi)LxLy. Therefore,
the right-moving mode has (Bz/2pi)LxLy-fold degeneracy. Here, note that (Bz/2pi)LxLy should be an integer in order
for the periodic boundary condition to be consistent with magnetic translation symmetry. In a similar manner, for a
Weyl Hamiltonian with −1 chirality, we have a left-moving mode E = −kz with (Bz/2pi)LxLy-fold degeneracy.
As discussed in the main article, by combining the above result with Theorem 1, we obtain Eq. (11). We also
numerically checked Eq. (11) for the model in Eq. (8) of the main article. See Fig. S6.
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FIG. S6. Numerical verification of the relation w1 = (Bz/2pi)LxLyw3 in Eq. (11). We use the model in Eq. (8) with d0 =
γ = γ0 = 1 and m0 = −2. Without a magnetic field, this model has w3 = 1 with EP = −iγ0. Introducing a magnetic field
Bz = 2pi(p/q) in this model as the Peierls phase of the gauge fieldA = (0, Bzx, 0), we numerically evaluate w1. Under a magnetic
field, w1 is given by Eq. (4) where H(k) is the Hamiltonian under the magnetic field, k is replaced by kz, and the trace includes
the summation of kx and ky in the magnetic Brillouin zone. Using the formula w1 = −
∮
dkztr[(H − EP)−1∂kz (H − EP)] =
−∑kx,ky ∮ dkz2pi ∂kzarg(∏j(Ej − EP)) with Ej the band energy of H, we numerically evaluate w1. In the figure, we show
arg(
∏
j(Ej −EP)) for kx = 0, ky = pi, p = 3, q = 50, and Lx = Ly = 50. From this figure, the winding number of
∏
j(Ej −EP)
is 3. This winding number does not depend on kx and ky because Ej are continuous functions of kx and ky are continuous
parameters whereas the winding number takes only discrete integer values. Thus, we obtain that w1 =
∑
kx,ky
3 = 150, where
we have used that the magnetic Brillouin zone contains LxLy/q = 50 independent points. We obtain the energy winding
number w1 = 150. This number is equal to w3(Bz/2pi)LxLy = 150.
